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Learning Objectives

Bernoulli distribution

By completing this tutorial, you will learn:

Bernoulli distribution

Binomial distribution

Approximation of binomial 
distribution

Geometric distribution

Geometric experiment

3/68

Geometric random variable

Comparison and relationship 
with other distributions

Memoryless property

Bernoulli 
Distribution

4/68
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Definition: Bernoulli Trial

Bernoulli Trial - The experiment 
whose outcome is random and 

b ith f t iblcan be either of two possible 
outcomes.

e.g.:
Is a baby a boy?

Are a person’s eyes black?
Did iti t f ifi did t ?

.

5/68

Each of these question has two possible 
outcomes:  yes (“success”) or no (“failure”)

Did a citizen vote for a specific candidate?

Bernoulli Trial - More Examples

S

Some more examples of Bernoulli Trials:

Example Success 
Outcome

Flipping a 
coin

Rolling a “4” 

Heads (P=0.5)

4

Failure  
Outcome

Tails (P=0.5)

A th ll

6/68

g
on a die

Random 
polling a 
voter

4

“yes” vote

Any other roll

“no” vote
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Bernoulli Trial Assumptions
Independent Trials—the outcome of one trial has no 
effect on other trials. .
For the success state, P = constant for each trial .

Example Success 
Outcome

Gender of 
survey 

Female
X 1

Failure  
Outcome

Male

The success state is always denoted as X=1 .

7/68

y
participant

Product 
testing

X = 1

Defective
X = 1

No defect

Mean and Variance

Mean E(X) = px(1) + qx(0) = p

Variance

V(X) = E(X2) - (E(X))2

= [p(1)2 + q(0) 2] - (p)2

= p-p2  = p(1-p)
= pq

8/68
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Binomial 
Distribution

9/68

Relationship of Distributions

1. n independent trials
2. Each trial result in only 

success and failure.

Bernoulli Binomial 
T i l X

success and failure.
3. The probability of success 

of each trial p, is constant.

10/68

Trial: X,p Trial: X,n,p
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Relationship between Bernoulli and 
Binomial Distribution

Bernoulli

Binomial distribution = ∑(n independent Bernoullis) 

Binomial …….

11/68

It is the number of “successes” in n trials.

If Y1,Y2,…,Yn are Bernoulli, then X is Binomial:

X = Y1+Y2+…+Yn

Recognizing a Binomial Distribution

Example: According to Statistics, about 40% of men in the 
United Stated voted for Bush. 
A random sample of 15 men is selected and the 
number who voted for Bush is recordednumber who voted for Bush is recorded. 
Is this an example of a binomial experiment?

n independent and identical trials:
Trial: men
n =15

Two outcomes, Success and Failure: 
Success=voted for Bush
Failure=did not vote for Bush

12/68

Failure=did not vote for Bush
Probability of success and failure:

1. P(S) = 0.4
2. P(F) = 0.6

x is the number of successes: 
x = number of men who voted for Bush
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Binomial Distribution Examples

Examples of Binomial Distributions:
Rolling a die to see if a 2 appears. 

13/68

Tossing a coin 10 times to see how many heads occur. 
Asking 100 people if they watch CNN news. 

Non-Binomial Experiments

Examples which aren't binomial 
experiments:
R lli di til 1 ( tRolling a die until a 1 appears (not a 
fixed number of trials). 

Asking 12 people how old they are 
(not two outcomes). 

Drawing 8 cards from a deck for a 
King (done without replacement, so 

14/68

not independent).
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Typical Example

Example: Assume 10% of the population is blue-eyed. You 
pick 100 people randomly.  How likely is it that 
you get 10 or more blue-eyed people?

The number of blue-eyed people you pick is a random 
variable X
X follows a binomial distribution with n = 100 and p = 0.1 
(when picking the people with replacement). 
We are interested in the probability P(X ≥ 10). 

15/68

How is this probability found?

Probability Mass Function - 1

How to find the probability?
n Probability 

of?
How can it 
happen?

Probability function

X=0 0000 (1-p)(1-p)(1-p)(1-p)=(1-p)4

So P(X=0) = (1-p)44

16/68
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Probability Mass Function - 2

How do we find the probability?
n Probability How? Probability function

X=0 0000 (1-p)(1-p)(1-p)(1-p)=(1-p)4

So P(X=0) = (1-p)44

X=1 1000, 0100, 
0010, 0001

p(1-p)(1-p)(1-p) + (1-
p)p(1-p)(1-p) + (1-
p)(1-p)p(1-p)+(1-p)(1-
p)(1-p)p = 4p(1-p)3

4

17/68

p)( p)p p( p)
So P(X=1) = 4p(1-p)3

Probability Mass Function - 3

How do we find the probability?
n Probability How? Probability function

X=0 0000 (1-p)(1-p)(1-p)(1-p)=(1-p)4

So P(X=0) = (1-p)44

X=1 1000, 0100, 
0010, 0001

p(1-p)(1-p)(1-p) + (1-
p)p(1-p)(1-p) + (1-
p)(1-p)p(1-p)+(1-p)(1-
p)(1-p)p = 4p(1-p)3

4

18/68

p)( p)p p( p)
So P(X=1) = 4p(1-p)3

X=2
1100, 1010, 
1001, 0110, 
0101, 0011

pp(1-p)(1-p) +p(1-p)p(1-
p)+p(1-p)(1-p)p+(1-
p)pp(1-p)+(1-p)p(1-
p)p+(1-p)(1-p)pp = 
6p2(1-p)2

So P(X=2) = 6p2(1-p)2

4
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Probability Mass Function - 4

How do we find the probability?
n Probability How? Probability function

X=3 1110, 1101, 
1011, 0111

ppp(1-p) +pp(1-p)p+p(1-
p)pp+(1-p)ppp = 
4p3(1-p) 

So P(X=3) = 4p3(1-p)

4

19/68

Probability Mass Function - 5

How do we find the probability?
n Probability How? Probability function

X=3 1110, 1101, 
1011, 0111

ppp(1-p) +pp(1-p)p+p(1-
p)pp+(1-p)ppp = 
4p3(1-p) 

So P(X=3) = 4p3(1-p)

4

X=4 1111 pppp = p4

So P(X=4) = p44

20/68

So P(X=4) = p
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Formula for Probability Mass Function

A summary of the previous slides provides a 
picture of a general formula.

n = 4

P(X = 0) (1-p)4

P(X = 1)

P(X = 2)

P(X = 3)

4p(1-p)3

6p2(1-p)2

4p3(1-p)

21/68

P(X  3)

P(X = 4)

P(X = x)

4p (1 p)

p4

(# of ways)px(1-p)n-x

Formula for Probability

Bi i l d i bl ’ b bilit f ti

22/68

( )

1p0 ,0,1,2,...nx here         w          

 ,)1(
x)!-(nx!

n!                

)1(

<<=

−=

−==

−

−

xnx

xnxn
x

pp

ppCxXP

Binomial random variable’s probability mass function:
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Another Example

Example: Suppose we have 100 marbles in a jar 30 of the 
marbles are green and 70 of them are blue. 
Define success S as drawing a green marble. If 
we sample with replacement, P(S)=0.3 for every 
trial. Find probability of X = 5 if n = 20.

( )

205x here         w          

 ,)1(
x)!-(nx!

n!

==

−== −

nand

ppxXP xnx

23/68

( ) 1789.0)3.01(3.0
)!15!5(

!205 155 =−==xP

Probability Cumulative Function

Binomial random variable’s cumulative probability

24/68

Binomial random variable s cumulative probability 
function is:

in
x

i

in
i ppCxF −

=

−= ∑ )1()(
0
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Example: Calculating the Probability

Example: A student claims that he gets grades better or 
equal to “A”, 40% of the time. This quarter, he 
gets only one “A” out of 4 courses. How likely is 
it that he got one A, or worse, out of four 
courses given his claim?

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) 3456021604046040!41

1296.0006.0116.04.0
!4!0

!40

31

40

====

====

xP

xP

25/68

( ) ( ) ( ) ( ) ( )( )

( ) ( ) 5616.010

3456.0216.04.046.04.0
!3!1

1

==+=

====

xPxP

xP

Using Binomial Formula - 1

Example: According to Times, about 40% of men in the 
United Stated voted for Bush. A random sample 
of 15 men is selected and the number who 
voted for Bush is recorded. 
What is the probability that:

exactly 1 of the 15 men voted for Bush?
exactly 2 of the 15 men voted for Bush?

( ) ( ) ( ) ( ) 0047.06.04.0
!14!1

!151 .1 141 ===xP

26/68

( )

( ) ( ) ( ) ( ) 0219.06.04.0
!13!2

!152 .2

!14!1
132 ===xP
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Using Binomial Formula - 2
According to statistics, 
about 40% of men in 
the United Stated voted 
for Bush. 1 2+
A random sample of 15
men is selected and the 
number who voted for 
Bush is recorded. 

What is the probability 
that either 1 or 2 men

1 2+

27/68

that either 1 or 2 men 
voted for Bush?

( ) 0266.00219.00047.021 =+=≤≤ xP

Using Binomial Distribution Table - 1

If n = 15, p = 0.4, 
use the above 
Table to calculate.

P(x=1) =

P(x≤1) -P(x=0) = 

0.005 -0.000 = 

0.005

28/68
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Using Binomial Distribution Table - 2

If n=15, p=0.4, 
use the above 
Table to 
calculate.

P(x=2) = 

P(x≤2) -P(x≤1) = 

0.027 -0.005 = 

0 022

29/68

0.022

Using Binomial Distribution Table - 3

If n=15, p=0.4, use 
the above Table 
to calculate.

P(1≤x≤2) = 

P(x≤2) - P(x=0) = 

0.027-0.000 = 

0.027

30/68
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Mean and Variance

Mean and variance are as follows:

nn ⎞⎛( ) ( )

npp

ZEZEXE

n

i

i
i

i
i

==

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

∑

∑∑

=

==

1

11

   

μ

( ) ( )∑∑ ⎟⎟
⎞

⎜⎜
⎛ nn

YVarYVarXVar2
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( ) ( )
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⎠
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i

i
i

i
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1

11

2

11     

σ

Example: Mean and Variance

Example: If n = 20, p = 0.3, find the mean and 
variance.

E(x) = np
E(x) = 20(0.3) = 6
Var(x) = np(1-p)
Var(x) = 20(0.3)(0.7) = 4.2

32/68
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Normal Approximation

The normal distribution 
can give an excellent 
approximation to B(n p)approximation to B(n, p) 
when the following 
conditions are met:

1. np > 5

2. n(1 –p) > 5

33/68

Normal Approximation of a Binomial 
Distribution - 1
Records show that 30% of all payments to a certain company 
are late.  Let r be a random variable that represents the 
number of late payments. Suppose 50 payments are submitted 
this week. Estimate the probability that between 20 and 25 
payments are late this week. 

Find P(20 < r < 25) 

First check to see that both np and nq are 
greater than 5. Then  calculate the mean and 
the standard deviation:

34/68

μ = np = 50 × .30 = 15

σ = np(1− p) = 50(.3)(.7) = 3.24
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Normal Approximation of a Binomial 
Distribution - 2
Continuity Correction:
The continuity correction is needed because we are 
approximating a discrete probability distribution with a 
continuous distribution. 

If r is the left endpoint we subtract .5 to get the corresponding 
normal variable x, if r is a right endpoint of an interval we add 
.5 to get the corresponding variable x.

P( 20< r <25) is approximated with P(19.5 < x < 25.5)
Where x is the corresponding normal variable.

35/68

z = 19.5 −15
3.24

= 1.39 z = 25.5 −15
3.24

= 3.24

p(1.39 < z < 3.24) = .082

Poisson Approximation

The Binomial distribution converges towards the 
Poisson distribution as the number of trials goes 
to infinity while the product np remains fixed. 

Therefore the Poisson distribution with parameter λ 
= np can be used as an approximation to B(n, p) of 
the binomial distribution 

if n is sufficiently large and p is sufficiently small.

36/68

According to one rule of 
thumb, this approximation is 
good.
if n ≥ 20 and p ≤ 0.05, and also
if n ≥ 100 and np ≤ 10 
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Limits of Binomial Distribution - 1

As n approaches ∞ and 

p approaches 0 

while np remains fixed at λ > 0 or 

at least np approaches λ > 0,

Then the Binomial(n, p) distribution approaches the 
Poisson distribution with expected value λ. 

37/68

Limits of Binomial Distribution - 2

As n approaches ∞ 
while p remains fixed, 
the following 
distribution approaches 
the normal distribution 
with mean 0 and 
variance 1. 

npX

38/68

)1( pnp
npX
−

−
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Geometric Distribution

39/68

Definition: Geometric Distribution

Geometric Distribution – The property of the 
number of times needed to do something g
until getting a desired result.

Examples:
How many times will I throw a 
coin until it lands on a head?

40/68

coin until it lands on a head?
How many children will I have 

until I get a boy?
How many cards will I draw 

from a pack until I get a King?
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Geometric Distributions

Each observation falls into one of two

A geometric distribution meets the following 
requirements:

Each observation falls into one of two 
categories, either “success” or “failure.”

The probability of a success, call it p, is the 
same for each observation.

The observations are all independent (this 
allows us to multiply probabilities).

1

2

3

41/68

The variable of interest is the number of trials 
required to obtain the first success.4

Recognizing a Geometric Distribution - 1

Example: An experiment consists of rolling a single die. 
The event of interest is rolling a 2; this event is 
called a success. Is this a geometric experiment?

Rolling a 2 will represent a success, and 
rolling any other number will represent a 
failure.
The probability of rolling a 2 on each roll is 
the same, p = 1/6.
The observations are independent.
A trial consists of rolling the die once. We

42/68

A trial consists of rolling the die once. We 
roll the die until the first 2 appears.
Since all of the requirements are satisfied, 
this experiment describes a geometric 
distribution.
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Recognizing a Geometric Distribution - 2

Example: An experiment consists of tossing a single coin. 
The event of interest is tossing a head; this 
event is called a success. Is this a geometric 
experiment?

Tossing a Head will represent a success, and 
Tails will represent a failure.
The probability of tossing a Head on each 
toss is the same, p = 1/2.
The observations are independent.
A trial consists of tossing a Head once. We 
t th i til th fi t H d

43/68

toss the coin until the first Head appears.
Since all of the requirements are satisfied, 
this experiment describes a geometric 
distribution.

Recognizing a Geometric Distribution - 3

Example: An experiment consists of drawing cards from a 
single deck without replacement. The event of 
interest is drawing a King; this event is called a 
success Is this a geometric experiment?success. Is this a geometric experiment?

Draw a King from a pack will 
represent a success, and 
drawing any others will 
represent a failure.
The probability of drawing a 
King in each draw will not be the 

44/68

same as there is not replacement.
This does not describe a 
geometric distribution.
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Geometric Random Variable

Geometric Random Variables 
This is an example of a 
waiting time problem

Failures

waiting time problem.

wait until a certain event 
occurs…

or the number of Bernoulli 
trials which must be 

45/68
Success

conducted before a trial 
results in a success. 

Binomial and Geometric Distributions

Binomial
Geometric 
Di t ib tiBinomial 

Distribution
• Fixed (pre-

determined) 
number of trials

• Variable number 
of success

Distributions
• Variable number 

of trials (until a 
single success, 
no matter how 
long)

• Fixed number of 
successes (1)

46/68

successes (1)

Both distributions
• Independent trials
• 2 possible random outcomes
• Probability of success in any one trial is p and is constant.
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ProbabilityProbability 
and Geometric 
Distributions

47/68

Probability to First Head

Fair Coin 
p=0.5

Failures

48/68

Success
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Memoryless Property

It is a discrete analog of the 

The geometric distribution is the only discrete 
memoryless random distribution.

exponential distribution. 
This means that the chance of getting 
a heads up on the 7th trial after failing 
the first 6 times is the same 
probability as getting a heads on any 
of the first 6 trials.
Th d d t

49/68

The random process does not 
“remember” the number of failures.

Notice the graph on the previous slide showed the probability 
of a toss being the FIRST head decreases with increasing 
number of tosses…but the probability of getting a heads on 
each toss is the same.

.

Cumulative Probability

Fair Coin 
p=0.5

Failures

50/68

Success
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Probability Distributions

Geometric distribution can be 
either one of the following:
the probability distribution of 

Failures

the number X of Bernoulli 
trials needed to get one 
success, supported on the 
set { 1, 2, 3, ...},

the probability distribution of 
th b Y X 1 f

51/68

Success

the number Y = X − 1 of 
failures before the first 
success, supported on the 
set { 0, 1, 2, 3, ... }. 

The Probability Mass Function

Let X be the number of girls that John needs to ask 

Suppose that John is at a party and he starts 
asking girls to dance. .

If the ___ girl 
accepts

X is And the probability of 
that happening is ___

first 1 P = p

second 2 P = (1-p)p

Probability 
of a single 
trial being a

in order to find a partner. .

52/68

second 2 P  (1 p)p

Probability that 
the first trial 

failed.

Probability that 
the second trial 
is a success.

trial being a 
success is p
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The Probability Mass Function
Suppose that John is at a party and he starts 
asking girls to dance.
Let X be the number of girls that John needs to ask 
in order to find a partner.

If the ___ girl 
accepts

first

X is

1

And the probability of 
that happening is ___

P = p

second 2 P = (1-p)p

53/68

second 2 P  (1 p)p

third 3 P = (1-p)(1-p)p
P = (1-p)2p

n n P = (1-p)n-1p
All girls through “n-1” 

were a failure
Probability that “n” 
girl is a success

Probability Mass Function

The probability that k trials are needed to get one 
success is:

For the probability of success on each trial p,

P(X=k)=(1-p)k-1p for k = 1, 2, 3, ....

Example: A die is thrown repeatedly until the first time a 
“5” appears.  What is the probability that the 
first time a “5” appears is the third roll?

54/68

It’s a geometric distribution with p = 1/6
k = 3
P(X=3) = (1-1/6)3-1(1/6)
P(X=3) = 0.12
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Geometric Sequence

If John asks an infinite number of

What is the probability that it will take more than n 
tries to succeed?

If John asks an infinite number of 
girls to dance, eventually one of 
them will accept.

So, the probability that it will take 
more than n tries is the same as 
the probability that John fail n 
times. That is …

55/68

P(X > n) = (1-p)n

Example #1

Example: We toss a certain biased coin and get heads 75 
% of the time. 
The random variable X (the number of the first 
toss that results in heads), is geometrically A ), g y
distributed with p = 0.75. 
What is the probability mass function?

Biased 
Coin 

p=0.75
p = 0.75

n = n

P = (1 p)n-1p
.

56/68

P = (1-p)n-1p

P = (1-0.75)n-1(0.75)

P = (0.25)n-1(0.75)
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Example #2

Example: Find the probability that the coin in the 
previous example is heads-up on the third trial.

A BiasedA Biased 
Coin 

p=0.75

p = 0.75

n = 3

P = (1 p)n-1p

57/68

P = (1-p)n-1p

P = (1-0.75)3-1(0.75)

P = (0.25)2(0.75) = 0.047

.

Example #3

Example: The probability of rolling a 2 on a die is 1/6 
for each trial. 
What is the probability of rolling a 2 for the 
first time on the 6th roll?first time on the 6 roll?

p = 0.17

n = 6

P = (1-p)n-1p

P (1 0 17)6 1(0 17)
.

58/68

P = (1-0.17)6-1(0.17)

P = (0.83)5(0.17) = 0.067



College Statistics Rapid Learning Series - 13

Copyright © Rapid Learning Inc. All rights reserved. :: http://www.RapidLearningCenter.com 30

Example #4

Example: A boy is trying to find the key to his father’s car 
on a dark night, out of a keychain with 10 
different keys. 
What is the probability of the boy succeeding in 
the 4th trial?

p = 1/10 = 0.10

n = 4

P = (1-p)n-1p

P (1 0 10)4 1(0 10)
.

59/68

P = (1-0.10)4-1(0.10)

P = (0.90)3(0.10) = 0.073

Mean and Variance

60/68
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Mean and Variance

Mean and variance are as follows:

( ) pXE 1==μ

( ) 2
2 )1(

p
pXVar −==σ
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p

Mean and Variance Example #1

Example: If the probability of John’s request for a dance 
being accepted is 0.5, how many girls, on 
average, will he have to ask?

p = 0.5

E(X) = 1/p

E(X) = 1/0.5

On average, he’ll need to ask 2 girls .
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before he is successful
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Mean and Variance Example #2

Example: What if the probability of any one girl agreeing 
to dance with John is only 0.25?  How many 
girls will he have to ask, on average?

p = 0.25

E(X) = 1/p

E(X) = 1/0.25

O h ’ll d t k 4 i l
.
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On average, he’ll need to ask 4 girls 

before he is successful

Negative Binomial 
Distributions
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Negative Binomial Distribution

Negative binomial distribution is the sum 
of geometric distributions.

Geometric 
distribution:

How many 
trials will be 
needed 
before you 
have one

Sum of multiple 
geometric 
distributions:

How many 
trials will you 
need before 
you have “n”

Negative 
binomial 
distribution:

Xn = number of 
trials needed 
until the nth

success
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have one 
success?

you have n  
number of 
successes?

success

Binomial and
geometric

Binomial and
geometric

Geometric 
relates to 
Negative

Geometric 
relates to 
Negative

The difference 
between 

geometric and

The difference 
between 

geometric and

Learning Summary

The Normal The Normal 

geometric 
distributions.

geometric 
distributions.

Negative 
Binomial 

distribution.

Negative 
Binomial 

distribution.

geometric and 
binomial 

experiments.

geometric and 
binomial 

experiments.
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distribution and 
Poisson distribution 

are used to  
approximate 

Binomial 
distributions.

distribution and 
Poisson distribution 

are used to  
approximate 

Binomial 
distributions.

How to calculate 
binomial and 

geometric 
probabilities.

How to calculate 
binomial and 

geometric 
probabilities.

Geometric 
distributions are 

memoryless.

Geometric 
distributions are 

memoryless.
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Congratulations

You have successfully completed 
the tutorial

Discrete Probability 
Distributions
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Distributions

Rapid Learning Center

Rapid Learning Center

Wh t’ N t

Chemistry :: Biology :: Physics :: Math

What’s Next …

Step 1: Concepts – Core Tutorial (Just Completed)

Step 2: Practice – Interactive Problem Drill

Step 3: Recap – Super Review Cheat Sheet
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Go for it!
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